Time ordering of interactions in dynamic quantum multi-electron systems provides a constraint that interconnects the time evolution of different electrons. In energy space, time ordering appears as the principal value contribution from the Green function, which corresponds to the asymptotic condition that specifies whether the system has outgoing (or possibly incoming) scattered waves. We report evidence of effects of time correlation found by comparing calculations to recent spectropolarimetric data.
Introduction
Complex atomic and molecular systems cannot always be described in terms of transitions of electrons that are mutually independent in either space or time. In applications from molecular dynamics [1] to quantum computing [2] , correlation between electrons increases and modifies reaction pathways. In these applications dynamic electronic connections can redistribute energy and facilitate transitions that would otherwise be forbidden. In some applications, such as shaping and controlling nanostructures [3] ,strong fields [4] [5] [6] are required to definitively change the state of a multi-electron system. In this case multi-electron transitions are often significant [7] . Correlation and time ordering can be especially important under these conditions.
Conceptually it is evident [8] that time correlation can arise from the constraint provided by time ordering of external interactions, which provides connections between the time evolution of different electrons. Recently the problem of time correlation in multi-electron systems has been formally addressed [8] [9] [10] with the explicit inclusion of time ordering and the corresponding principal value integrals in energy space. In this paper we present clear experimental evidence for effects of time ordering between different electrons in the polarization of light emitted from the 2p excited state in excitation-ionization of helium by impact of moderately fast protons. We also explicitly show how to include (or exclude) time ordering between electrons in standard second-order computer calculations, and discuss in new detail its role in various aspects of scattering theory.
Theory

Formulation
Time ordering, which imposes a causal-like sequencing of interactions in quantum time propagation, together with internal electron correlation, which interconnects the electrons, results in an interconnection of the time evolution of different electrons [8, 11] . Electron correlation is relatively well understood [7] . Time ordering, which is less thoroughly explored, occurs in the equation for the time evolution operator, U (t 2 , t 1 ), that describes how the system changes between time t 1 and time t 2 , namely [7, 12] ,
Here V (t) is the interaction (or sum of interactions) of an atomic system with light or matter, and T is the Dyson time ordering operator [12, 13] , which imposes the causalitylike constraint that T V (t )V (t) = 0 if any t < t . The time ordering operator, T , provides a pairwise time connection of interactions due to the constraint that the interactions occur in the order of increasing time. We note that all of the time dependence of the system is carried
, where p denotes a sum over all n! permutations of time sequences,and (t −t) = 1 (or 0) for t > t (or t < t) is the Heavyside step function.
The time ordering operator, T , may be generally decomposed [8] into two terms, namely, T = T cor + T unc . The correlated term, T cor , enforces time ordering of the interactions V (t). The uncorrelated term, T unc , is the time-independent part of T , which does not connect the various interactions V (t) in time. Without T cor the sequence of the V (t n ) · · · V (t )V (t ) interactions is unimportant, and there is no time ordering. In this case the evolution operator for the system may be expressed as a product of evolution operators for each electron [10] . The enforcement of time ordering on the sequence of interactions, V (t n ) · · · V (t )V (t ), gives rise to pairwise time connections between external interactions V (t) between the various electrons [8] . In this way T cor causes time ordering in the evolution of the system.
The direction of time propagation
To understand the influence of T and T cor , it is instructive to look at their contributions in energy space. The Fourier transform (t − t ), which occurs in the time propagation between interactions, V (t ) and V (t ) in equation (1), corresponds to [14] ,
In the formulation of stationary scattering theory, η → 0 + corresponds to the asymptotic condition for incoming plane waves and outgoing scattered waves [15] , and P v is the principal value contribution that excludes the singularity at E = E 0 . The uncorrelated contribution corresponds to T → T unc = 1, while T cor = T − T unc corresponds to the time-dependent sign(t − t ) contribution to (t − t ) = 1 2 (1 + sign(t − t )) above. Since
The Fourier transform of T cor is the principal value part of the energy propagator. The effect of time ordering first occurs in the second-order contribution in V , where it may be expressed as a non-zero commutator of V (t) with V (t ). To illustrate this point in the context of the calculation presented in the following section, let us consider a two-electron transition occurring via V (t) = V 1 (t) + V 2 (t). In this case there are four second-order terms, namely,
The V 1 V 1 and V 2 V 2 terms do not contribute to correlation between different electrons. While they are included in our calculations in the following, we ignore them here and consider the cross correlation terms in V 1 and V 2 that may connect the time evolution of different electrons. One may
Using T unc = 1, which corresponds to replacing (t) by its time average value of 1 2 , it may be easily shown [9] 
provides an explicit time connection between interactions at different times, t and t . The origin of such commutators is discussed briefly in what follows. Including T cor corresponds to including a first-order commutator correction in a Magnus-like expansion [17] [18] [19] of the evolution operator. This represents non-local time entanglement between electrons. We note that
are invariant when either the direction of time is reversed between the two interactions, or the overall direction of time is reversed, e.g. by reversing the sign of iη in equation (2) .
We note that in the independent electron approximation [7] , where spatial correlation between electrons is removed, the quantum commutator [V 2 (t ), V 1 (t )] is zero. Then each electron may evolve independently in time, i.e. the evolution operator, U (t 2 , t 1 ), reduces to a product of single-electron evolution operators. When spatial correlation between electrons is included, e.g. via two-body Coulomb electron-electron interactions, [V 2 (t ), V 1 (t )] is nonzero [7] , and the time evolution of different electrons becomes entangled. Time correlation between electrons corresponds to cross correlation [20] between the time propagation of amplitudes for different electrons, and describes how electrons communicate about time.
, is also an observable effect [21] , but is not a focus of attention in this paper.
Results
The calculations
The calculations which we present in what follows are performed by including the external interaction, V , through second-order and internal electron-electron interactions to all orders [16, 22] . Our technique is standard, so that our method for including time ordering may be used in other calculations. The most challenging part of these calculations is evaluation of the second-order amplitude with fully correlated intermediate states, namely [22] ,
Here k i ( k f ) and m p denote the initial (final) momentum and mass of the projectile, and α denotes an intermediate state. There is a sum over bound and an integral over continuum intermediate states, |φ α . In the calculations presented here, V is the Coulomb interaction between the projectile and a target electron. Since in most cases V (t) changes slowly compared to the period of oscillation of the carrier wave, h/E inc , where E inc is the energy of the incident projectile, the use of stationary scattering is usually well justified. Including only the dipole contribution of this interaction can be used to evaluate the amplitude for scattering of atoms in strong photon fields. In our calculations the energy propagator in equation (4) is separated into two terms, 1 k
This corresponds to equation (2) above. The principal value contribution is the most difficult to evaluate. We evaluate this contribution by numerical integration, which is time consuming. The principal value contribution may be easily omitted. Then there is no time ordering of the V (t) interactions (as is evident from the discussion which follows equation (2)) and there is no time correlation between the time evolution of different electrons. Eliminating this principal value contribution gives what we have previously described [9] as the independent time approximation. Without the principal value integral, our calculation took less than 1 h on a 900 MHz PC. When the principal value integrals were included, the calculation required several days using the same computer.
Spatial correlation in the bound states is included within the multi-configuration HartreeFock (MCHF) method [23] . The continuum wavefunctions of an electron in the field of the recoil He + ion were calculated in the frozen-core Hartree-Fock approximation [24] . A symmetrical orthogonalization procedure was applied to ensure the orthogonality of the wavefunctions used.
More specifically, for excitation-ionization the initial and final states correspond to,
where n f f denotes the final state of the excited electron and k e denotes the final state of the ionized electron. The final state electron energies range from 0 to 100 eV. All angular momentum components from e = 0 to 7 are included in the results which follow. We have tested our computer code for all components through e = 15. The intermediate states we use correspond to,
(continuum states).
Here the n , n bound states include 1s 2 + 1s, n (n 5, 4) configurations plus 2s 2 1 S, 2s2p 1 P and 2p 2 1 D autoionizing states. The continuum states include s-wave continuum states for n = 1-3. A 3d contribution was also included to test for the importance of non-s-wave contributions. The intermediate state electron energies range from 0 to 100 eV, and all angular momentum components from e = 0 to 7 are included.
In our summation over the discrete intermediate states and integration over electron continuum states, discrete states with n 3 and l 2 provide the main contribution to the amplitude. The inclusion of single-electron excitation configurations with n up to 5 and l up to 4 as well as low-lying autoionizing states does not significantly change the results of the calculations (i.e. <5%). However, inclusion of the single-electron continuum (ns l) 1 L (n = 1, 2) in the intermediate states was important for intermediate collision velocities, and improved the agreement with experimental data. 
Comparison with experiment
An optically characterized Mo/Si multilayer mirror (MLM) polarimeter was used to measure the degree of linear polarization of the He + (2p) Lyman-α decay in the extreme ultraviolet region following proton impact on neutral helium gas [25] [26] [27] [28] . A 2 MV van de Graaf machine situated at the University of Nevada-Reno was used to accelerate the protons. The linear polarization of the 2p-1s emitted light may be found from the magnetic substate cross sections for population from the helium ground state to the He + (2p) m = 0 and 1 magnetic sublevels [29] , namely, 11σ (1) ). The total cross section is given by σ = σ (0) + 2σ (1), where σ (−1) = σ (+1) for our cylindrical collision symmetry. Cross sections for individual m values can be determined from data published previously [9] .
In figure 1 we present both data and theory for the polarization of light emitted from the 2p level of excited helium following excitation of one electron and ionization of another by an incident proton. It is evident that the first-order theory does not describe either the magnitude or the energy dependence of the polarized light observed. A second-order calculation without time ordering, i.e., without the principal value terms taken from equation (5), provides some improvement, but still does not agree with the data. Only the full second-order calculation, including the principal value contributions associated with the iη → 0 + asymptotic condition is in generally good agreement with observation. The only exception is at the lowest energy shown, where it is expected that higher order terms in V (t) are significant. Our method applies to incident photons as well as electrons, protons and ions. We believe that a similar comparison of calculations with and without time ordering with data using moderately strong photon fields would be instructive, especially since many applications now being developed use photons.
Discussion
In this paper and other recent papers [8] [9] [10] we have described the interconnection of various concepts associated with time ordering. This includes the term 'off-shell', which connotes a non-conservation of energy. As Madison has pointed out [30, 31] , the use of 'off-shell' is potentially confusing because energy is conserved on a macroscopic timescale in most calculations, including those presented in this paper, where energy conservation is enforced by taking iη → 0. However, as discussed at the end of section 2, this limit is not unique: for example, taking iη → 0 ± differs from omitting iη all together. Madison has shown [30, 31] that the Green function may be generally found without separation into off-shell and on-shell parts. He has also presented a possibly general case, in which omitting iη altogether gives standing waves, while applying iη → 0 + (or 0 − ) yields outgoing (or incoming) scattered waves. In any case energy non-conservation is permitted by the uncertainty principle in quantum systems for short time periods. We regard the contributions arising from the principal value integral in equation (2) as energy non-conserving since the principal value contribution specifically excludes the on-shell contribution at E = E 0 by allowing short-lived quantum fluctuations in the intermediate energy. In quantum optics [32] the term 'off-shell' is used to describe the difference between the intermediate energy, E, and the total energy corresponding to H = H 0 + V , rather than just H 0 that is used in perturbation theory as it is here. In any case, it is this principal value contribution that is required for T cor , as discussed in equation (3), which corresponds to time ordering, time correlation, sequencing, a direction to time and non-commutivity of the interaction operators. We view these iη → 0 ± contributions as energy non-conserving quantum fluctuations in intermediate states that correspond to non-local time entanglement of electrons.
One may also regard time ordering as the result of a competition between the classical and quantum constraints on the action of the system. Action [33] is an integral of the energy of the system over time. In classical physics the trajectory of a particle is constrained by Fermat's principle [34] : that nature seeks the most (or possibly the least) efficient way to go from A to B. The particle's unique path is determined by minimizing the action. On the other hand quantum mechanics may be obtained from classical mechanics [35] by constraining the action to be an integer multiple ofh. This leads, for example, to the uncertainty principle, E t h. In quantum mechanics all paths from A to B are possible, although those outside of an envelope of trajectories, whose width is proportional toh, are statistically improbable [36] . Within this envelope of quantum uncertainty, time and energy may not be simultaneously localized. The non-locality in energy means that there are quantum fluctuations in energy, not present in solutions to classical equations, which violate conservation of energy for a short time. These non-local energy terms correspond to quantum time correlations arising from the constraint of time ordering corresponding to equation (3) . Time correlation between electrons occurs directly only when electrons interact with one another [9] . Then the effects of time ordering of external interactions for different electrons become coupled, and the evolution operators for different electrons with independent initial wavefunctions become interconnected in time. This correlation insures that the electrons cooperate in seeking the most efficient way to get from A to B, subject to both the constraint of time ordering and the freedom of quantum uncertainty. We expect that the time ordering that we describe here is a purely quantum phenomenon.
The description of scattering dynamics in quantum systems used in this paper relies on three principal features, namely:
(i) an asymptotic condition imposed on a differential equation, (ii) the use of dual representations, and (iii) an energy-frequency relation.
In our case the asymptotic condition carried by iη → 0 + gives a unique wavefunction with outgoing scattered waves. This corresponds to a forward direction of time propagation, imposed on the time evolution operator. The effect of this contribution can be significant, as we have shown above. In another paper [10] we associate this property with causality. By use of dual representations we mean that interrelated conjugate spaces are defined by integral transforms so that amplitudes may be analysed using alternate representations. For example, the propagator G(ω , ω) is the Fourier transform of the propagator U (t , t). Amplitudes related by Fourier transforms are constrained by the bandwidth theorem, ω t 1/2. The operator that generates ω in ω-space may be represented as id/dt in the dual t-space. The energyfrequency relation commonly used in quantum mechanics is linear, namely, E =hω. In the general time-dependent Schrödinger wave equation, the linear energy-frequency relation corresponds to an energy operator, E op = ih∂/∂t, which leads to non-commutivity, namely, [E op , t] =h. We have found these basic features useful in tracing the nature of various properties of time-dependent quantum wavefunctions, in understanding the origin and role of commutators, in distinguishing quantum effects from classical effects, and in understanding the influence of the asymptotic condition.
Practical evaluation of the principal value integrals is both difficult and time consuming. Indeed we have proposed elsewhere [9] an independent time approximation that results when these principal value terms are neglected. In calculations of dynamically correlated systems of particles, an independent time (or on-shell or wide band) approximation without time correlation is widely used [30, 37, 38] to save computational time and effort. When this relatively simple approximation is valid, calculations of relatively complex systems become feasible. Thus it is of interest to develop practical criteria that may be used to estimate the size of the principal value integrals. In our present calculations we have noticed that the effect of the principal value integrals is small if the action associated with the energy fluctuating principal value term is small, e.g., Eτ h, where E is an average of the energy needed to access intermediate states and τ is the collision time. We have also been able to show that this condition holds for two coupled channel amplitudes. However, given our limited experience, we recommend that this issue of estimating when time ordering effects are small be given further consideration.
In summary, we have presented evidence for time ordering effects between different electrons. This provides time connections in the time evolution of different electrons. Time ordering of the external interactions in turn corresponds to imposing the asymptotic condition of outgoing (or possibly incoming) scattering waves on the solution of the Schrödinger equation. This corresponds to energy-non-conserving quantum fluctuations occurring for short times in intermediate states of the system. It also corresponds to the direction of time propagation, sequencing of interactions and non-commutivity of interaction operators. The effects of these terms may be useful in controlling quantum transmission of information via sequencing in complex multi-electron systems.
